The scaling of dynamical correlation energy in molecules obtained by the correlation functionals of density functional theory (DFT) is examined. The approach taken is very similar to the scaled external correlation method of Brown and Truhlar but is based on the observation that DFT correlation functionals, especially the LYP, appear to represent the dynamical portion of the correlation energy in molecules. We examine whether higher accuracy in atomization energies can be gained by scaling without significant deterioration of the structural and spectroscopic properties of the molecules using four DFT functionals (BLYP, OLYP, B3LYP, and O3LYP) on 19 molecules including the six molecule AE6 database, the latter being representative of a much larger, 109 molecule training set. We show that, with molecule specific scale factors, nearly perfect agreement with experiment can be achieved in atomization energies without increasing the average errors in other molecular properties relative to the DFT calculation. We further show that it is possible to find optimal scale factors which reduce the mean unsigned error per bond to levels comparable to those of some multilevel multicoefficient methods.
I. Introduction
In this paper, we explore whether it is possible to obtain accurate atomization energies for molecules by scaling the electron correlation energy calculated by density functional theory (DFT) 1 correlation functionals, without significant deterioration of the structural and spectroscopic properties of the molecules. The commonly accepted definition of the electron correlation energy of a molecule, due to Löwdin, 2 is where E is the exact (nonrelativistic) energy and E HF is the Hartree-Fock limit energy. It has been recognized for quite some time 3 that E corr may be viewed as a composite quantity made up of at least two components: the "dynamical" or "external" correlation energy and the "nondynamical" or "internal" correlation energy. The former is attributed to the reduction in the value of the wave function as two electrons approach each other (due to the 1/r ij terms in the Hamiltonian) while the latter is associated with the energy lowering resulting from the interaction of the ground state Hartree-Fock configuration with low-lying excited states and has been called static, left-right, or near-degeneracy correlation energy. It is also generally accepted that dynamical correlation is only weakly dependent on relative nuclear positions, i.e., molecular geometry, while the same cannot be said for the nondynamical component because of its origins in the interactions between neighboring electronic states (the near-degeneracy aspect).
Despite this understanding of the nature of E corr , however, it is impossible to separately calculate the two types of correlation energy in a theoretically rigorous fashion. The combination of the complete active space (CAS) self-consistent field method 4 with configuration interaction (CI) 5 comes closest to affording this separation in practice. With a "sufficiently large" basis set, the CAS method is expected to recover most of the nondynamical correlation while the CI calculation using the CAS solutions as references recovers as much of the remaining (presumably mostly dynamical) correlation energy as possible, given the twin limitations of finite one-electron basis set size and the truncation of the slow-converging CI series typically at single and double excitations (MR-CISD). The incomplete recovery of dynamical correlation by MR-CISD typically results in bond dissociation energies that are too low and reaction barrier heights that are too high.
The scaled external correlation (SEC) method of Brown and Truhlar 6 represents an attempt to overcome the limitations of the CISD method by scaling the external correlation energy, which is proportional to the difference between the CAS and the CISD energies for a given molecular geometry. The weak geometry dependence of dynamical correlation suggests a particularly simple scaling, namely, multiplication by a constant factor. So, for a diatomic molecule AB, the SEC-scaled energy is obtained as 6 where the scale factor F AB is obtained from the BornOppenheimer bond dissociation energies, D e , as This method has been successfully applied to the construction of potential energy surfaces for F + H 2 , 7-9 Cl + H 2 , 10 and O( 3 P) + HCl [11] [12] [13] reactions as well as an accurate near-equilibrium potential energy surface for the HOCl molecule. 14 * To whom correspondence should be addressed. E-mail: ramu@latech.edu.
† Part of the special issue "Donald G. Truhlar Festschrift".
Despite its simplicity and success, the applicability of the SEC method is limited to small molecules because of the computational effort involved in the CAS/CISD combination. However, it has become clear from recent investigations 15, 16 that the generalized gradient approximation (GGA) exchangecorrelation functionals used in DFT also provide the means of separating dynamical and nondynamical correlation energies but at considerably less computational cost. Gritsenko et al. 16 note that "the GGA exchange functionals represent effectively not only exchange, but also the molecular nondynamical correlation, while the GGA correlation functionals represent dynamical correlation only (emphasis added)." By comparing the correlation energy contributions given by LYP, 17 P86, 18 and VWN 19 functionals for several diatomic molecules, Mok et al. 15 have shown that the LYP functional appears to most closely represent the dynamical correlation and that the LYP contribution to the total energy is reasonably independent of the bond length.
These findings not only indicate that dynamical correlation for larger molecular systems can be estimated quite economically using DFT methods but also suggest the possibility that it may be possible to significantly increase the accuracy of the calculated Born-Oppenheimer equilibrium energies relative to those of the atoms by a simple scaling of the dynamical correlation. The main goal of this paper is to explore whether this can be achieved without significant deterioration of the structural and spectroscopic properties of the molecules. To distinguish our DFT-based approach from the CAS/CISD-based SEC method, we shall refer to the scaled DFT energies as the scaled dynamical correlation (SDC) energies.
The scaling of correlation energy in order to increase the accuracy of quantum chemical calculations has a long and productive history, starting with the SEC method. 6 The SEC method was soon followed by the scaling all correlation (SAC) method of Gordon and Truhlar, [20] [21] [22] which is based on scaling the total correlation energy, obtained as the difference between the Hartree-Fock and a single-reference correlated method (MP2 or MP4, for example). The SEC and SAC methods can be considered the forerunners of the PCI-X methods of Siegbahn and co-workers, 23 the multilevel multicoefficient (MC) methods of the Truhlar group, 24-30 and the G3S model chemistry of Pople and co-workers. 31 More recently, the Truhlar group has developed several parametrized DFT functionals as well as MC methods that mix ab initio and DFT methods, [32] [33] [34] which have proved capable of delivering "chemical accuracy" (mean absolute error less than 1 kcal/mol per bond) at less computational cost than previous methods. Some of these methods formally scale as N 5 , where N is the number of atoms in the molecule, as compared to the N 7 scaling of the Gaussian model chemistries and some MC methods. In contrast to these methods, the approach proposed here is characterized by its simplicity and ease of implementation and formal scaling of N 4 .
The remainder of this paper is organized as follows. In section II, we describe our calculations and the conventions used for defining the scale factors. In section III, we present and discuss the results. Section IV is a summary highlighting the important conclusions.
II. Calculations
Molecules, Basis Sets, and DFT Functionals. We limit the present investigation to 19 molecules, six of which constitute the AE6 database of Lynch and Truhlar, 35 which is representative of a 109 molecule database of atomization energies called Database/3. 36 The AE6 molecules are SiH 4 , SiO, S 2 , propyne, glyoxal, and cyclobutane. The other molecules are the diatomics HF, OH, OF, F 2 , HCl, ClO, CO, NH, and NO, and the triatomics HOF, HOCl, F 2 O, and HNO. Accurate experimental estimations of the relevant properties for these molecules are available. Also, calculations at high levels of ab initio theory on several of them have been recently carried out by this research group. 11, 13, 14, 37, 38 We use the cc-pVTZ basis set of Dunning and co-workers 39 as a reasonably small, yet reasonably effective, basis set that can be used for studies of larger molecular systems.
The present study makes use of the popular exchange functional of Becke, B88 (abbreviated as B hereafter), 40 the hybrid exchange functional B3, 41 the OPTX functional of Handy and Cohen (abbreviated as O hereafter), 42 and its hybrid version O3. 43 These are used with the LYP correlation functional 17 to yield the exchange-correlation functionals BLYP, B3LYP, OLYP, and O3LYP. All calculations are performed with the Gaussian 03 program 44 using a pruned grid of 99 590 points (the "ultrafine" grid) for integral evaluations. For consistency, the exchange functionals in each case were "generated" from the exchange-correlation functional by setting the correlation part of the functional to zero using program options 45 even in the case of the B88 where the stand-alone exchange functional is available in the program.
There are a few subtleties involved in the LYP correlation functionals used in these methods. The LYP correlation functional used in BLYP is an equal mixture of the local (functional III of Vosko, Wilk, and Nusair, VWN) 46 Dynamical Correlation Energy. For the remainder of our discussion, we will always refer to the total energies of molecules relatiVe to those of the atoms at infinite separation. The Born-Oppenheimer atomization energy of a diatomic is then given by D e ) -E(r e ), where r e is the equilibrium bond distance.
The basic premise of our approach is that the difference between the energies calculated by a given exchange functional M (B, B3, O, and O3, in this work) and that obtained by M + LYP (or MLYP) for a molecule is an approximate measure of the dynamical correlation energy, i.e.,
The left-hand side is labeled with M because the actual energy difference depends on the density used in the LYP calculation, which depends on the choice of the exchange functional. It is now a simple matter to define the scale factor in a manner similar to the SEC method, as given in eq 3 for a diatomic molecule. However, we make a small (but for all practical purposes, insignificant) modification in this work. Because the equilibrium geometries given by M and MLYP are typically different, the D e values at the two levels of treatment actually refer to energies at different values of the bond length. Therefore, we choose to define the scale factor with respect to the equilibrium geometry of the MLYP calculation. For example, the SDC scale factor for a diatomic, f 2 , is defined as where it should be noted that the D e values are positive numbers while the E M values are negative. Note also that in eq 5 we
have inverted the form of the SEC scale factor in eq 3 for purely aesthetic reasons. From a computational point of view, using only the equilibrium geometry at the MLYP level for defining the scale factor actually simplifies matters. To implement eq 5, it is sufficient to do a geometry optimization at the MLYP level followed by a single point calculation without the correlation functional (i.e., because D e,M is not required, a geometry optimization at the M level of treatment need not be done). Now the SDC energies of the diatomic molecule can be obtained at any interatomic distance r as
The scaling factors for larger molecules are also defined in a similar manner, using the MLYP equilibrium geometry as the reference. For example, for a triatomic molecule, we define
where D e refers to the atomization energy and (r 1 e ,r 2 e ,r 3 e ) is the MLYP equilibrium geometry.
Exceptions to using MLYP geometries as the reference geometry for defining scale factors were made in the case of the AE6 molecules. In these cases, to facilitate comparisons with the results of the Truhlar group, 32 we used single point calculations at M and MLYP levels of treatment using the QCISD/MG3 optimized geometries provided in the AE6 database. 47 Potential Energy Curves and Surfaces. Equilibrium geometries and spectroscopic constants of the molecules including the anharmonic contributions are calculated from near-equilibrium potential energy curves for HF, OH, OF, F 2 , HCl, ClO, CO, NH, and NO and near-equilibrium potential energy surfaces for HOF, HOCl, and HNO. The approach used is identical to that used by us in a recent detailed study of the HOF molecule. 38 The spectroscopic properties of the diatomics are calculated using a sixth-order polynomial interpolation through seven energies spanning the experimental equilibrium geometry. For a triatomic molecule ABC, 41 points at M and MLYP levels are calculated in (r AB , r BC , θ ABC ) space spanning the experimental equilibrium geometry. These energies as well as the SDC-scaled energies are then fit to polynomial expansions using the program SURFIT, 48 using displacement coordinates for the bond lengths and the Carter-Handy coordinate 49 for the bend. A fourth-order expansion in all three coordinates was employed along with fifth-and sixth-order "diagonal" terms in each coordinate. This results in a polynomial with 41 linear parameters so that the fit is, in effect, an interpolation essentially free of statistical error. Analysis of the properties of the resulting potential energy surfaces leads to equilibrium geometries and spectroscopic constants, which can be compared with experimental values. Table  2 for the following reasons. For F 2 O, the DFT energies exhibit unphysical oscillations as the bond lengths and angles are varied for all exchange functionals. Therefore, no potential energy surfaces were constructed for this molecule, and the scale factors were defined with respect to the MLYP equilibrium geometries found by geometry optimization within Gaussian 03. For the AE6 molecules, as noted above, we used the optimized geometry provided in the database, to facilitate comparisons with AE6 results using other methods. The scaling, in these cases, then guarantees that the energy difference between the reference geometries (MLYP for F 2 O, QCISD/MG3 for AE6) and those of the atoms will exactly match the experimental value. Because including these cases in Table 1 will only serve to artificially lower the standard deviation for the B/SDC column, we have refrained from doing so.
III. Results and Discussion
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SDC Scaling and Molecular Properties.
We now examine the consequences of SDC scaling on the properties that depend on the slope and curvature of the potential surfaces, namely, the equilibrium geometries and spectroscopic properties. Table  3 presents the equilibrium geometries, the harmonic vibrational frequency, the anharmonicity constants, and the rotationvibration coupling constants for several diatomic molecules. These properties are calculated by analyzing the near-equilibrium potential energy curves at the indicated levels of calculation, as described in the third part of section II. We have not tabulated the rotational constants since they are directly related to the equilibrium geometry. We also define an unsigned fractional error so as to provide a means of comparing the accuracy of the calculated properties. For a property P under consideration, we define the unsigned fractional error as
The mean unsigned fractional errors (MUFE) are also tabulated in Table 3 .
It is clear from Table 3 that the MUFE for each property examined is roughly the same for the MLYP and M/SDC columns. This shows that the SDC scaling does not result in poorer agreement between the calculated and the experimental properties for the diatomics. This is an indication that the correlation energy given by the LYP functional is only weakly dependent on the bond distance, as one would expect for 
Scaling Dynamical Correlation Energydynamical correlation energy. This appears to hold true even in the case of OF and F 2 , the two cases in which f B and f O are much less than 1.0. Table 4 presents the comparison of MLYP and M/SDC properties for the three triatomics for which potential energy surfaces were constructed and analyzed. We have tabulated the vibrational fundamentals rather than the harmonics because the former include the effects of anharmonicity. The MUFE for the properties in Table 4 once again follows the pattern observed in Table 3 in that SDC scaling does not seriously affect the properties at the MLYP level of theory.
Optimal SDC Scale Factors. Tables 3 and 4 show that it is indeed possible to scale the LYP correlation energy of molecules with constant multiplicative scale factors without worsening the agreement between calculated and experimental structural and spectroscopic properties. However, the utility of such scaling would be far greater if it were possible to identify optimal scale factors that can be applied universally and yield atomization energies that are in better agreement with experiment than those obtained from the MLYP calculation. In this section, we explore whether this is possible, using the 19 molecules investigated here as our database.
From eq 6, we write with the recognition that D e,expt ≡ -E M SDC (r e MLYP ). It is easy to see that a linear least squares (LS) analysis will now yield an optimal value of the scale factor. In fact, we plot D e,expt + E M as a function of -∆E dc M and constrain the fit to pass through the origin. Figure 1 shows the results of this analysis. Table 5 presents the LS scale factors and the resulting atomization energies.
The LS scale factors obtained for all 19 molecules are shown in Table 5 , part A. Comparing the MUE for this set with those given in Table 2 , it appears that the scaling does not significantly change the MLYP results. The maximum errors for B/SDC and O3/SDC are, in fact, slightly higher than those for BLYP and O3LYP given in Table 2 . However, as we shall see below, large errors in SDC atomization energies for a small number of molecules are responsible for the large MUE in part A of Table  5 . Part B of Table 5 shows the results of LS analysis over the six AE6 molecules. The MUEs at the MLYP/cc-pVTZ level (i.e., unscaled) for the AE6 set are 6.12, 3.94, 4.09, and 2.80 kcal/mol for BLYP, OLYP, B3LYP, and O3LYP, respectively. For B3LYP, the SDC scaling is able to achieve substantial improvement over this, yielding an MUE of 1.91 kcal/mol.
It is clear from Figure 1 that further improvements can be achieved for the full set of 19 molecules by a slightly more flexible approach. As shown in Figure 1 , the trend in correlation energy of the three compounds OF, F 2 , and F 2 O is qualitatively different from the others, especially in the cases of B, O, and O3 methods. Therefore, in part C of Table 5 , we have considered the LS fit excluding these three molecules. The results confirm that the MUE can be lowered by excluding this set. Part D of Table 5 shows the results of an LS analysis over only the three fluorine-containing molecules excluded in part C. The scale factors are significantly less than 1, indicating that DFT functionals overestimate the dynamical correlation energy for these molecules. In part E, we calculate the atomization energies for the full set of 19 molecules but using the f M from part D for OF, F 2 , and F 2 O and that from part C for the remaining molecules. The MUEs for B, O, B3, and O3 are now, respectively, 5.10, 3.06, 1.94, and 1.68 kcal/mol. Comparing these errors with the MUEs of the MLYP energies in Table 2 , it is clear that SDC scaling using LS scale factors can, in fact, reduce the mean errors in DFT atomization energies. For the pure DFT methods, part E of Table 5 also reports substantially smaller maximum errors than those in Table 2 .
It is somewhat discouraging, however, that the maximum error reported for the B3/SDC atomization energies is only marginally smaller than that in Table 2 , and the maximum error reported for O3/SDC is actually slightly larger. It is possible to substantially decrease these errors by removing a single molecule from the set. This molecule is SiO, which appears as a solid square at -∆E dc ≈ 0.06 in Figure 1c,d . The results of excluding SiO from the full set and also just from the AE6 set are shown, respectively, in parts F and G of Table 5 . Part F of Table 5 shows that it is now possible to achieve a MUE of 1.69 kcal/mol for the set of 18 molecules with B3 and 1.26 kcal/mol with O3. The maximum errors are also substantially smaller for the two hybrid functionals, decreasing almost by a third in the case of O3/SDC, as compared to that in part E. Considering just the five molecules remaining in the AE6 set after excluding SiO, the MUEs are less than half of that reported over the full AE6 set (part B) in the case of B3 and O3, and the maximum errors are smaller by factors of 4 and 5, respectively. Comparisons to Other Methods. Formally, the DFT methods used here scale as N 4 , where N is the number of atoms in the molecule. In Table 6 , we compare the performance of the SDC approach for the AE6 molecules with those of two MC methods of the Truhlar group, which formally scale as N 5 , for which the errors over the AE6 molecule set are available. 32 These are the MC3BB and the MC3MPW, 32 both of which are the result of mixing HF and MP2 with hybrid meta density functionals (meta denotes that kinetic energy density is included in the functional), and each contains three optimized parameters. We compare the mean unsigned error per bond (MUEPB), the mean signed error per bond (MSEPB), and the root-mean-square error per bond (RMSEPB). The per bond error quantities are obtained by dividing the mean error quantities for a method by the mean number of bonds per molecule in the database. Double and triple bonds are all counted as single bonds for the calculation of the mean number of bonds per molecule, which 34 It seems reasonable to expect SDC scaling to match or exceed these accuracies, especially when applied to the newer exchange-correlation functionals such as the MPWB1K or MPW1B95 of Zhao and Truhlar, 33 which have been shown to be superior to the earlier generation DFT functionals.
IV. Summary and Conclusions
We have shown that the correlation energy obtained from the LYP functional of DFT can be scaled so as to increase the accuracy of calculated atomization energies without simultaneously worsening the agreement between the calculated and the experimental structural and spectroscopic properties of molecules. We also showed that optimal scale factors selected by LS analysis can be used to increase the overall accuracy of atomization energies for the entire set, especially if different scale factors are used for subsets of molecules that exhibit different trends.
The results reported in this paper indicate that a simple one parameter scaling of LYP correlation energy calculated using the density from a good hybrid exchange functional such as the B3 or the O3 can yield "chemical accuracy" with less computational effort than many of the MC methods. Because the SDC approach only involves DFT calculations at two levels (with and without the correlation functional), it scales formally as N 4 (where N is the number of atoms) whereas MC methods based on mixing DFT and correlated ab initio methods scale as N 5 or N 6 and multilevel ab initio methods scale as N 7 . The present approach is, therefore, readily applicable to larger molecules.
To implement the present approach for a large molecule, one would perform a geometry optimization and a frequency calculation using an exchange-correlation functional, a single point calculation without the correlation functional, and calculations of atomic energies with and without the correlation functional (so as to obtain relative energies), using the same one electron basis set. Once the molecular dynamic correlation energy is obtained from these calculations, an optimal scale factor would presumably be available to reliably bring the calculated result into better agreement with experiments. SDCscaled harmonic frequencies of the molecule can also be evaluated without constructing potential energy hypersurfaces since, from eq 5 where the primes denote differentiation with respect to coordinates. Therefore, harmonic frequencies calculated at the pure exchange and exchange-correlation levels of DFT are sufficient to obtain a reasonable approximation to the scaled frequencies of the molecule. If 1 -f M ≈ 0, the SDC-scaled frequencies will be close to the MLYP results; therefore, in most cases, a frequency calculation at the M level of treatment will probably be unnecessary. It is thus possible to include zero point energies in the atomization energies (with appropriate scaling of the calculated harmonic frequencies in order to approximate the fundamentals, 32, 33, 61 if desired), which permits direct comparison to experimental data corrected only for the spin-orbit effects. Figure 1 clearly shows that the correlation energy of the six AE6 molecules spans a wide range, which is probably why they are representative of the much larger 109 molecule database of atomization energies. However, before we could make recommendations for optimal scale factors f M , further testing of this approach is clearly needed using different basis sets, second generation exchange-correlation functionals, 60 and a training set that includes ionization potentials and electron affinities. Scaling that takes into account the types of molecules involved (as in the cases of OF, F 2 , and HOF, for example) and bond types may also lead to further improvements. (10) 
